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We design a quantum repeater architecture using individual 167Er ions doped into Y2SiO5 crystal.
This ion is a promising candidate for a repeater protocol because of its long hyperfine coherence
time in addition to its ability to emit photons within the telecommunication wavelength range.
To distribute entanglement over a long distance, we propose two different swapping gates between
nearby ions using the exchange of virtual cavity photons and the electric dipole-dipole interaction.
We analyze their expected performance, and discuss their strengths and weaknesses. Then, we show
that a post-selection approach can be implemented to improve the gate fidelity of the virtual photon
exchange scheme by monitoring cavity emission. Finally, we use our results for the swapping gates
to estimate the end-to-end fidelity and distribution rate for the protocol.
I. INTRODUCTION
Future quantum networks will require the ability of
long-distance communication [1–3]. Although we have an
existing global fiber optics network for classical commu-
nication, the bottleneck for long-distance quantum com-
munication is the unavoidable transmission loss through
fibers. Classical communication overcomes this problem
by amplifying signals, however, due to the no cloning the-
orem the use of amplifiers is prohibited in quantum com-
munication. Therefore, to circumvent this exponential
decay of transmitted photons, the use of a quantum re-
peater has been suggested [4, 5]. Quantum repeaters aim
to establish entanglement between two distant locations.
Most of the quantum repeater protocols that have been
proposed so far focus on atomic ensemble-based quantum
memories and linear optics for entanglement generation
and distribution [6]. This is an attractive route as it
requires only a few relatively simple components. How-
ever, when using linear optics, the success probability
for entanglement swapping cannot exceed 1/2, resulting
in relatively low entanglement distribution rates. Using
single-emitter-based quantum repeater protocols, on the
other hand, one can perform entanglement swapping with
a higher success probability[7–12].
Several works have demonstrated the ability to individ-
ually address single rare-earth (RE) ions [13–17]. RE ions
in general have a smaller sensitivity to lattice phonons
and experience little spectral diffusion [18] compared to
quantum dots and NV centers in diamond. In addi-
tion, most other quantum systems, require the use of
microwave (MW) to optical transducers (e.g., supercon-
ducting qubits [12]) or the frequency downconversion to
telecommunication wavelength (e.g., defects in diamond
and quantum dots [19, 20]) to match the low-loss wave-
length range of fibers. However, the erbium (Er) RE ion
has a unique feature, which is its ability to emit photons
in the conventional telecommunication wavelength win-
dow. Moreover, significant enhancements of RE ion emis-
sion rates, including Er, have been demonstrated [17, 21–
24].
In 168Er with zero nuclear spin, the relevant coherence
time is that of the electronic spin. Therefore, until re-
cently, one challenge for using an 168Er ion as a quantum
memory was its short spin coherence time. For a single
168Er ion doped in yttrium orthosilicate Y2SiO5 crystal
(168Er:YSO) in the presence of a strong magnetic field, a
spin coherence lifetime of a few milliseconds is expected
in low temperatures, which is not quite long enough for
a repeater protocol. Therefore, in our previous work, we
proposed a quantum repeater architecture combining an
individual 168Er ion and europium (151Eu) RE ion, which
serve as a spin-photon interface and long-term memory,
respectively [9]. In this scheme to perform a swapping
gate using the electric dipole-dipole interaction, Er-Eu
ions should be close-lying. Hence, fabricating and identi-
fying suitable Er-Eu ion pairs is a main challenge of this
scheme.
Recently, a hyperfine coherence time of 1.3 s has been
measured for an ensemble of 167Er:YSO using a strong
external magnetic field [25]. Instead of applying a large
magnetic field, it is also possible to extend the coher-
ence time using the zero first-order Zeeman (ZEFOZ)
technique. For the 167Er ion, transitions with ZEFOZ
shift exist with and without the external magnetic field
[26]. The long hyperfine coherence time of 167Er sug-
gests that it could serve as both the spin-photon inter-
face emitting telecom photons and the long-lived quan-
tum memory needed to implement a repeater protocol.
These advantages, in addition to the narrow optical tran-
sitions, have made 167Er:YSO a very promising material
platform for quantum communication.
In this paper, we propose and analyze a scheme to
design quantum repeaters using single 167Er ions. We
consider individual 167Er ions doped into a high quality
factor YSO photonic crystal cavity. The presence of the
cavity improves the intrinsic low radiative decay rate of
the Er ion, increases the single-photon indistinguishabil-
ity, and enhances the collection of photons into the de-
sired transmission channel. We first explain how to gen-
erate entanglement between remote 167Er ions over ele-
mentary links. Entanglement swapping between two ions
within each cavity is then performed to extend the range
of entanglement to successively longer distances. Build-
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2ing on earlier work, we propose two different schemes to
perform the entanglement swapping step of the repeater
protocol deterministically. In the first scheme the con-
trolled interaction between ions is achieved by the ex-
change of virtual cavity photons. In the second scheme
the interaction is mediated by the electric dipole-dipole
interaction between the ions. We also propose a method
to improve the fidelity of the first scheme at the cost of
some efficiency by monitoring cavity emission in order to
post-select successful gates. We then determine the fi-
delity of each swapping gate scheme and finally estimate
the end-to-end fidelity of the proposed single Er repeater
protocol.
The paper is organized as follows: In Sec II, we intro-
duce our quantum repeater protocol. Sections III and IV
deal with the estimation of the fidelity and efficiency, and
the entanglement generation rate of the repeater proto-
col, respectively. The implementation of the protocol as
well as the advantages and disadvantages of each of the
entanglement swapping schemes are discussed in Sec.V.
We conclude with future directions in Sec. VI
II. PROPOSAL
Each node consists of an optical cavity fabricated in
the YSO host crystal that is doped with a pair of 167Er
ions.
In the presence of a strong magnetic field along the D1
axis and temperature of 1.6 K or less, the ground state
electron spin freezes at the lower level. In our scheme,
the mI =
7
2 and mI =
5
2 hyperfine states of the lowest
spin state are used as qubit states |↑〉 and |↓〉, respec-
tively, as shown in Fig1.b. The oscillator strength for
∆mI = −1(+1) transitions relative to the ∆mI = 0 is
about 2.5% (3.1%) for transitions involving the mI =
7
2
hyperfine state [25]. Therefore, with the use of a cavity,
it is possible to utilize an L-type system, where the ex-
cited state has a high probability to decay to the initial
ground state. This probability can be further increased
by using a resonant cavity and therefore, we can ignore
the other weak transitions.
A. Entanglement Generation
To generate entanglement over an elementary link be-
tween Er ions in remote cavities, such as Eri and Eri−1,
we follow the same scheme as [27, 28]. Initially, the
|↑〉–|e〉 transition of each ion is coupled to its respective
cavity. First, both ions are optically pumped into the
mI =
7
2 hyperfine ground state.
Using optical Raman pulses, each ion is then prepared
in the superposition of |↑〉 and |↓〉 states. Ions are then
excited to the |e〉 state using a short laser pulse reso-
nant with the |↑〉–|e〉 transition. After sufficient time has
passed to allow a possible photon to be emitted through
the cavity mode, optical Raman pulses are applied to
ms = −1/ 2
4 I13/2
4 I15/2
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b. ms = −1/ 2
FIG. 1. a. In each cavity there is a pair of 167Er ions (black
circles). Black lines represent entanglement between degen-
erate ions over elementary links. b. Energy level structure of
the ion. In each ion the |↑〉–|e〉 transition is coupled to the
cavity.
flip the qubit state. This is followed by another opti-
cal excitation to the |e〉 state to emit a possible photon.
The second round of excitation is key to overcoming in-
fidelity caused by photon loss in the fiber in the event
that both ions emit a photon. The emitted photons are
then collected and transmitted to a beam splitter located
half-way in between the ions. The detection of two con-
secutive single photons will then leave remote ions in an
entangled Bell state [29]
|ψ±〉Eri,Eri−1 =
1√
2
(|↑↓〉 ± |↑↓〉). (1)
Here the sign + (-) depends on whether the same (differ-
ent) detectors detect photons.
B. Entanglement swapping
After generating entanglement over elementary links,
entanglement is swapped between nearby ions within
each cavity (e.g., Eri and Eri+1 in Fig. 1.a). This can be
done by performing a CNOT gate between the ions and
then measuring the control (target) ion in the X (Z) ba-
sis. Measurement in the Z basis is achieved by the optical
excitation of ions from the ground state |↑〉 to the excited
state |e〉 while this transition is coupled to the cavity. To
perform the spin readout in X basis, we need to coher-
ently rotate the ion (to make |↓〉 → 1/√2(|↓〉 − |↑〉) and
|↑〉 → 1/√2(|↑〉+ |↓〉)) followed by a measurement in the
Z basis. Depending on the result of measurements (i.e.,
|↑〉 or |↓〉), and the initial entangled states over elemen-
tary links (i.e., |ψ±〉 given in Eq.1), the entangled state
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FIG. 2. To perform a CZ gate using the virtual photon ex-
change, we bring the |↑〉–|e〉 transition of the ions into reso-
nance with each other while ions are dispersively coupled to
the cavity. Using an optical pi pulse, we then excite one of the
ions and let the exchange of virtual cavity photons perform a
pi phase shift on the state.
between the outer nodes will be projected onto a Bell
state.
In the following, we analyze two different approaches
to achieve the required interaction to perform a CNOT
gate between ions. Performing a deterministic gate using
the virtual exchange of photons is discussed in Sec II B 1.
We also discuss how monitoring the cavity emission can
improve the fidelity of this scheme. In Sec. II B 2 we
explain another scheme to perform a deterministic gate
using the electric dipole-dipole interaction.
1. Virtual Photon Exchange
Since both Er ions of a single node are coupled to the
same cavity, the interaction between these two ions can
be mediated by the exchange of virtual cavity photons
[30, 31]. Using this method, it is possible to perform a
controlled phase-flip (CZ) gate between Er ions. A CZ
gate combined with two Hadamard gates can then be
used to perform a CNOT gate; HEri+1 ⊗ CZEri,Eri+1 ⊗
HEri+1 .
To perform the CZ gate, the |↑〉–|e〉 transitions of the
ions are brought into resonance while both are disper-
sively coupled to a cavity mode (with the cavity detuning
∆). Then, we excite the first ion using an optical pi pulse
resonant with the |↑〉–|e〉 transition, as shown in Fig.2.
If the joint state of the ions was |↑↑〉, then after exciting
the ion, the virtual exchange of a cavity photon between
degenerate states |↑ e〉 and |e ↑〉 adiabatically performs
a pi phase shift on the state. Finally, another optical pi
pulse brings the excited qubit back to the ground state
after a delay time.
So long as the splitting between states |e ↓〉 and |↑ e′〉
(which is δeg = (ωe−ωg)) is large enough and the system
has negligible spin-flip transitions coupled to the cavity,
the other joint states of ions will not be affected by the
pulses 1 and 2 [30]. The unitary operator of this phase-
flip gate can be written as UCZ(Eri,Eri+1) = − |↑↑〉〈↑↑| +
|↑↓〉〈↑↓|+ |↓↑〉〈↓↑|+ |↓↓〉〈↓↓|.
After performing the CNOT gate, to complete the
swapping process we measure Eri in the X basis and
Eri+1 in the Z basis.
The two main processes limiting the fidelity of the CZ
gate are cavity mode dissipation and spontaneous emis-
sion. If the cavity detuning is too small, the Purcell
enhancement will cause the ions to decay into the cavity
mode before the completion of the phase flip. On the
other hand, if the detuning is too large, the dissipative
interaction will be too slow to complete the phase flip
before spontaneous emission occurs. The former limi-
tation can be relaxed if the cavity emission is efficiently
collected and monitored during the gate. Doing so allows
for the rejection of gate attempts where cavity emission
occurred, thus improving fidelity at the cost of some effi-
ciency. Adding such a post-selection scheme also allows
for the scheme to be performed with a smaller cavity de-
tuning, which in turn, decreases the gate time and makes
the scheme more robust against other decoherence pro-
cesses.
2. Electric dipole-dipole interaction
Optically exciting an Er ion changes its permanent
electric dipole moment. As a result, the electric field
environment around the ion will change. This change in
the local electric field can impact other nearby ions by
shifting their optical transition frequencies by [32]:
∆ν =
∆µEri∆µEri+1
4pi0hr3((
µˆEri ·µˆEri+1
)− 3 (µˆEri ·rˆ) (µˆEri+1 ·rˆ)) , (2)
where Eri is the excited ion, Er1+i is its nearby ion, ∆µ
is the change of the permanent electric dipole moment, r
is the distance between ions, 0 is vacuum permittivity,
h is the Planck constant, and  is the dielectric constant.
Using this modification in the transition frequency, one
can perform a deterministic CNOT gate between nearby
qubits. For both ions, we consider that the transition
|↑〉–|e′〉 is detuned from the cavity. First, we apply a
short optical pi pulse resonant with the |↑〉–|e′〉 transition
of the control ion (e.g., Eri), as shown in Fig. 3. Then,
using pulses 2–4, we swap population in the target ion.
Finally, pulse 5 brings the control ion back to its ground
state.
This process can be interrupted by the electric dipole-
dipole interaction if i) the control ion is in the state |↑〉
and ii) the ions are sufficiently close to each other. In
this case, if the shift in the transition frequency ∆ν of the
target ion is large compared to the transition linewidth,
pulses 2–4 do not affect the system [33, 34].
The overall result of this interaction is that the state
of the target qubit is flipped if the control qubit is in the
state |↓〉. After performing the CNOT gate, we need to
also measure the control (target) ion in the X (Z) basis.
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FIG. 3. Pulse sequence to perform a CNOT gate between
close-lying Eri (control) and Er1+i (target) ions. When Eri
is in the state |↑〉, due to the electric dipole-dipole interaction
pulses 2-4 have no effect of the target ion. Please note that
all pulses shown here are optical pi pulses. The double arrow
for pulse 3 illustrates that the pulse can either take the state
|↑〉 to |e〉 or |e〉 to |↑〉.
III. FIDELITY AND EFFICIENCY
Here we estimate the fidelity and efficiency for each
step as well as the end-to-end fidelity of the protocol.
We also show numerically how the fidelity of the vir-
tual photon exchange swapping gate can be improved by
monitoring the cavity emission. In this section, fidelity
is computed as F = 〈ψ| ρˆ |ψ〉, where ρˆ is the imperfect
final state and |ψ〉 is the expected pure state.
A. Entanglement generation
When spin decoherence is negligible on the time scale
of the optical dynamics, and the system operates in the
bad-cavity regime, the fidelity of the Barrett-Kok entan-
glement generation scheme between two ions identical
other than for emission wavelength is given by [29]:
Fentangle =
1
2
(
1 +
γ′2
Γ′2 + ∆2w
)
, (3)
where γ′ = γrFp+γ is the Purcell-enhanced optical decay
rate of the ion in the presence of the cavity, γ = γr +
γnr is the bare ion decay rate, γr (γnr) is the radiative
(non-radiative) component of the decay rate, Γ′ = γ′ +
2γ? is the FWHM of the Purcell-enhanced zero-phonon
line (ZPL), and ∆w is the difference between the optical
transition frequencies of the ions. We define γ? as the
optical pure dephasing rate and Fp = R/γr as the Purcell
factor, where R = 4g2/(κ+Γ) is the effective transfer rate
of population between the ion and cavity [35], Γ = γ+2γ?
is the FWHM of the ZPL before enhancement, g is the
cavity-ion coupling rate, and κ is the cavity decay rate.
In the regime where κ  Γ, the Purcell factor can be
written as Fp = 4g
2/(γrκ).
The entanglement generation fidelity is related to the
mean wavepacket overlap M ′ of Purcell-enhanced pho-
tons from each ion M ′ = Γ′γ′/(Γ′
2
+ ∆2w) [29] by
1000 2000 3000 4000 5000
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FIG. 4. Fidelity of the entanglement generation scheme with
respect to the Purcell factor. Here we assume ∆w = 0.
Fentangle = (1 + M
′I ′)/2 where I ′ = γ′/Γ′ is the in-
distinguishability of the Purcell-enhanced photons from
one ion. Note that the fidelity is less than or equal to
(1 + M ′)/2, which would be the expected fidelity when
accounting for interference visibility only [28]. This is be-
cause the optical pure dephasing of the emitter degrades
both the temporal coherence of the emitted photons and
the spin coherence of the ion state. Knowing this, the
quantity I ′ in Fentangle actually accounts for the degre-
dation of the ion spin coherence while M ′ ≤ I ′ quan-
tifies the reduced interference visibility of photons from
separate ions. In general, to have high interference vis-
ibility, spectral diffusion of the optical transition needs
to be controlled. In our system, however, we expect the
spectral diffusion to be negligible (see Sec.V A for more
information).
The presence of the cavity helps improve the single-
photon indistinguishability as I ′ = I(1+ζFp)/(1+IζFp)
where I = γ/Γ is the single-photon indistinguishabil-
ity in the absence of the cavity and ζ = γr/γ. This
in turn improves the mean wavepacket overlap and con-
sequently improves the entanglement generation fidelity
(see Fig. 4).
We estimate γ? using the relation γ? = 1/T2 − γ/2 =
2pi×32 Hz, where T2 = 4 ms is the optical coherence time
(for B=7 T) [36], and γ = 2pi × 14 Hz [37]. Considering
γr = 2pi×3 Hz [38], γnr = 2pi×11 Hz and ∆ω = 0 the en-
tanglement generation fidelity would be Fentangle =0.996
for Fp = 5000, as shown in Fig. 4.
The entanglement generation efficiency is given by
pen = η
2/2, where η = pηtηd, p = ηcFpγr/γ
′ is the
success probability of single-photon emission into a col-
lection fibre mode (see Sec. V C), ηc is the collection ef-
ficiency, ηt = e
− L02Latt is the transmission efficiency in
the fibre, Latt ≈ 22 km is the attenuation length (corre-
sponding to a loss of 0.2 dB/km), and ηd is the detection
efficiency.
Before the first entanglement generation attempt and
then again after every unsuccessful attempt, the ions
must be initialized in the ground state |↑〉. For an ion
in a cavity with a large Purcell enhancement, the ini-
5tialization fidelity after applying a single pulse excit-
ing all ground states other than |↑〉 to |e〉 is given by
Finit ≥ (γrFp + βγ)(1 − e−Tinitγ′)/γ′ where Tinit is the
initialization time needed for the excited state to decay
and β ≥ 0.9 is the branching ratio without a cavity [39].
For Fp = 5000 and Tinit = 8/γ
′ = 85µs the fidelity can
be as high as Finit ≥ 0.9996. This small infidelity is neg-
ligible compared to Fentangle, however Tinit can slightly
reduce the repeater rate for small distances (see Sec. IV
for more information). For this fidelity estimation, we
ignore the ground state T1 thermalization time, which is
on the order of seconds [25] and is negligible compared
to the Purcell-enhanced lifetime.
B. Virtual photon exchange
While performing the CNOT gate, there is always some
infidelity due to the Hadamard gates which do not de-
pend on the scheme. Here we assume the fidelity of the
CNOT gate will be dominated by the phase gate step.
In the absence of excess dephasing and in the bad-cavity
regime where κ > g, the cooperativity-limited gate fi-
delity is Fmax = 1− 2pi/
√
C [30] where C = 4g2/(κγ)
1. This limit is reached when the ions are detuned from
the cavity by ∆ = κ
√
C/2, which implies that the gate
time Tgate = pi∆/g
2 becomes T0 = 2pi/(γ
√
C) under the
optimal conditions. Note that in this work we define fi-
delity to be consistent with Ref. [29] and so it is the
square of the fidelity as defined in Ref. [30]. Hence some
expressions in this section differ from that of Ref. [30]
accordingly.
A slight detuning ∆w between ions within the cavity or
incidental cavity coupling of another transition detuned
by δeg can both cause imperfections in the phase evolu-
tion of the CZ gate. To lowest order for the infidelity
contributions due to finite C, ∆w, and δeg the gate fi-
delity maximum is given by [30]
Fmax = 1− 2pi√
C
− 6pi
2
32
[(
T0∆w
2pi
)2
+
(
2pi
T0δeg
)2]
. (4)
These imperfections reduce the maximum achievable fi-
delity but they do not change the ideal ion-cavity de-
tuning. On the other hand, some excess dephasing can
both reduce the maximum fidelity and favor shorter gate
times, which in turn reduces the optimal ion-cavity de-
tuning.
Although the methods used in Ref. [30] cannot di-
rectly analytically account for the excess optical pure de-
phasing of Er ions, in the regime where the gate time
Tgate is small compared to 1/γ
?, the resulting infidelity
is proportional to Tgateγ
?. Using the solution for the
detuning-dependent fidelity of Ref. [30], we find that the
gate fidelity for when Tgate∆w  2pi and Tgateδeg  2pi
that includes pure dephasing is closely approximated by
Fgate =
1
4
(e−2pi∆/Cκ−piκ/2∆ + 1)2 − 0.29γ?Tgate, (5)
a.
b.
FIG. 5. Cavity-mediated virtual photon exchange controlled
phase-flip gate. a. Phase-flip gate fidelity Fgate as a function
of cavity detuning ∆ for no post-selection (blue curve, pηd =
0) and perfect post-selection (green curve, pηd = 1) of gates
where no emission was observed from the cavity. The black
dashed arrow shows the path that the fidelity peak follows
when increasing the cavity monitoring efficiency pηd from 0
to 1 in the direction of the arrow. The thin gray lines show the
case where δeg = κ/50 as opposed to δeg & κ of the colored
solid lines. b. The maximum fidelity for a given monitoring
efficiency pηd corresponding to the dashed arrow in panel a.
plotted alongside the corresponding gate efficiency pgate and
gate time Tgate/T0 where T0 is the optimal gate time for the
case of no post-selection (pηd = 0). The cavity mediating the
interaction is in the bad cavity regime with g/κ = 10−1 and a
cooperativity of C = 9×104. For this simulation we assumed
an optical pure dephasing rate of γ? = 2.3γ for both ions.
where C = 4g2/(κγ) is the cavity cooperativity when ne-
glecting pure dephasing and Tgate can be written in terms
of C as Tgate = 4pi∆/(Cκγ). The coefficient 0.29 is an
estimate obtained by comparing the analytic approxima-
tion to the numeric solution from simulating the master
equation far in the bad-cavity regime.
Alternatively, optical pure dephasing can be seen to
effectively reduce the cavity cooperativity. However, be-
cause pure dephasing does not affect the gate fidelity in
the same way as spontaneous emission, replacing C by
6the usual definition for the reduced cavity cooperativity
4g2/(κΓ) is not accurate. Instead, we find that replac-
ing C by the quantity C? = Cγ/(γ + 0.61γ?) provides
an accurate analytic approximation, where again the co-
efficient 0.61 is estimated by comparison to the full nu-
meric solution. The fact that 0.61 is smaller than 2 sug-
gests that pure dephasing has much less of a degrading
effect than would be naively expected. The maximum fi-
delity when accounting for pure dephasing then becomes
Fmax = 1 − 2pi/
√
C? and is achieved at the detuning
∆ = κ
√
C?/2 which implies an optimal gate time of
T0 = piκ
√
C?/(2g2) = 2pi
√
C?/(Cγ).
For a given cavity cooperativity, the maximum fidelity
for the virtual photon exchange gate can be increased
if successful attempts are post-selected when no cavity
emission is observed during the interaction. To estimate
the amount of improvement, we numerically simulated
the state of the system given that a detector monitoring
the cavity mode emission did not measure a photon.
We consider the Hamiltonian in [30]: Hˆ = HˆA+ HˆB +
HˆC + HˆI where Hˆk is the k
th ion Hamiltonian, HˆC is
the cavity mode Hamiltonian and HˆI is the cavity-ion
interaction. The four-level ion Hamiltonian is
Hˆk = ωkσˆ
†
↑k σˆ↑k + (ωk + ωe)σˆ
†
↓k σˆ↓k + ωgσˆ
†
↑↓k σˆ↑↓k , (6)
where ωk is the frequency separation between |↑〉k and|e〉k, ωe is the separation between |e〉k and |e′〉k, and ωg
is the separation between |↑〉k and |↓〉k. Also, σˆ↓k |e′〉k =|↓〉k, σˆ↑k |e〉 = |↑〉k, and σˆ↑↓k |↓〉k = |↑〉k (see figure 2).
The cavity homogeneous evolution is HˆC = ωcaˆ
†aˆ for
cavity frequency ωc, cavity photon creation (annihila-
tion) operator aˆ† (aˆ), and the interaction term is
HˆI =
∑
j∈↑,↓
∑
k∈A,B
gjk σˆ
†
jk
aˆ+ h.c., (7)
where g↓k is the cavity coupling rate of the |↓〉–|e′〉 transi-
tion to the cavity mode and g↑k is the cavity coupling rate
of the |↑〉–|e〉 transition to the cavity mode. In addition
to the spontaneous emission rate γk and cavity linewidth
κ, we explicitly include an optical pure dephasing rate γ?
in the total Lindblad master equation given by
ρ˙ = −i[Hˆ, ρˆ] + κD(aˆ)ρˆ+
∑
k,j
γjkD(σˆjk)ρˆ
+ 2γ?kD(σˆ†↑k σˆ↑k + σˆ
†
↓k σˆ↓k)ρˆ,
(8)
where D(Aˆ)ρˆ = AˆρˆAˆ† − {Aˆ†Aˆ, ρˆ}/2. This master equa-
tion defines the superoperator L where ρ˙ = Lρˆ.
Using the method of conditional evolution [29, 40, 41]
the unnormalized conditional state ρˆ0(t) at time t given
that no emission was observed from the cavity since time
t0 is
ρˆ0(t) = e
(t−t0)(L−pηdκS)ρˆ(t0), (9)
where Sρˆ = aˆρˆaˆ† is the cavity photon collapse superop-
erator, p is the probability of receiving a photon emitted
2 4 6 8 10
0.90
0.92
0.94
0.96
0.98
1.00
FIG. 6. Fidelity of the electric dipole-dipole interaction gate
as a function of the distance between ions. Here we assume
δν/(∆ν) = 0.02.
by the cavity and ηd is the detector efficiency. Then the
probability that no photon is emitted from the cavity
during the gate duration t− t0 = Tgate = pi∆/g2 is
pgate(Tgate) = Tr(ρˆ0(Tgate)), (10)
where we assume that g = gjk is the same for all transi-
tions. In this case the final state after a successful gate
is
ρˆgate =
1
pgate
ρˆ0(Tgate). (11)
Here assuming κ = 2pi × 16 MHz, for a quality factor
of 1.2 × 107 and C ' 9 × 104, a cavity with a length of
∼ 5µm is required (for more information see Sec.V A). In
the bad-cavity regime where g/κ = 10−1, perfect mon-
itoring efficiency pηd = 1 improves the maximum gate
fidelity from 0.968 to 0.995 while also decreasing the op-
timal detuning from about 100κ to 20κ, corresponding
to a decrease in optimal gate time from Tgate = 160µs to
Tgate = 32µs (see figure 5). These improvements come at
the cost of the scheme becoming non-deterministic with
an efficiency of 0.86.
C. Electric dipole-dipole interaction
The achievable fidelity for this CNOT gate is [9]:
Fgate ' 1− Tgate
80
(42γ + 25γ? + 25χ)− 43pi
2
128
(
δν
∆ν
)2
,
(12)
where Tgate = 5pi/Ω = 5pi
√
3/∆ν is the gate time, Ω is
the Rabi frequency for optical transitions (here we as-
sumed Ω↑ = Ω↓ = Ω), ∆ν is the shift in the transition
frequency, δν is a potential mischaracterization from the
true value of ∆ν, and χ is the spin decoherence rate
of the ion. Eq. 12 is valid to first order in γ, γ?, χ 
Ω ∝ ∆ν and second-order in δν/∆ν  1. Considering
χ = 2pi × 0.12 Hz (for B=7 T) [25], γ = 2pi × 14 Hz
7[37], γ? = 2pi × 32 Hz, ∆ν = 250 KHz (corresponding to
r = 5 nm) and δν/∆ν = 0.02 the fidelity and gate time
are Fgate = 0.987 and Tgate = 108µs, respectively. Fig. 6
shows the gate fidelity as a function of the separation
between ions.
D. State readout
For state readout, we assume that the |↑〉–|e〉 transi-
tion is resonant with the cavity while |↓〉–|e′〉 is not. By
exciting |↑〉 with a sequence of pi-pulses and monitoring
emission as it decays back to |↑〉, the intensity contrast
can be used to distinguish |↑〉 from |↓〉 with high fidelity
[22, 42].
Let B (D) denote the measurement result indicating
↑ (↓). Then the fidelity is the conditional probability
P (↑|B) (P (↓|D)) of being in state ↑ (↓) given the mea-
surement outcome B (D). The total probability of suc-
cess is preadout = P (B) + P (D) and we define the to-
tal fidelity as the weighted average of the conditional fi-
delity Freadout = (P (B)P (↑|B) + P (D)P (↓|D))/preadout.
If we assume that P (↑) = P (↓) = 1/2 and events B
and D are complementary resulting in a deterministic
scheme where preadout = 1, then using Bayes’ theo-
rem: P (i|j) = P (i)P (j|i)/P (j) where i ∈ {↑, ↓} and
j ∈ {B, D}, we have Freadout = (P (B|↑) + P (D|↓))/2.
Suppose that the detector has a probability of ξ  1 to
detect a photon when the ion is in state |↓〉 during a single
cycle; for example, due to noise from excitation or dark
counts. On the other hand, there is a chance pηd  ξ
that a single cycle of |↑〉–|e〉 results in a single-photon
detection. A simple readout scheme is then to excite the
ion a fixed number of N times and define event B to be
the detection of one or more photons and event D as the
complimentary (no photons). The state |↓〉 results in D if
no detection occurs and so P (D|↓) = (1− ξ)N ' 1−Nξ.
On the other hand, the probability to see at least one
photon after N pulses is given by P (B| ↑) = 1 − (1 −
pηd)
N . Hence Freadout = 1−Nξ/2− (1− pηd)N/2.
For a fixed number of N pulses with a repetition pe-
riod of Tp, the fixed readout time is Treadout = NTp when
assuming that the measurement time after the last pulse
is also Tp. To optimize this readout time, it is possible to
increase the repetition rate. However, doing so risks co-
herently de-exciting the ion when Tp . 1/γ′, effectively
reducing the probability of emitting a photon. Consid-
ering that the probability for decay between pulses sepa-
rated by Tp is 1− e−Tpγ′ we find that the probability for
emission between the kth and (k + 1)th pulse is ηp(k) =
(1 − (−1)ke−kTpγ′) tanh(Tpγ′/2). Then the fidelity be-
comes Freadout ' 1 − Nξ/2 − (1/2)
∏N
k=1[1 − pηdηp(k)].
Using a cavity with Fp = 5000, the ion lifetime is 1/γ
′ '
10.6µs. Then for a readout time of Treadout = 150µs us-
ing N = 7 pulses with Tp = 21.4µs, the fidelity can be
as high as Freadout = 0.9998 for pηd = 0.9 and ξ = 10
−5
(see Fig. 7).
FIG. 7. Readout fidelity Freadout as a function of pulse sep-
aration Tp for pηd = 0.9, ξ = 10
−5, and a Purcell factor of
Fp = 5000 corresponding to 1/γ
′ = 10.6µs. The points show
the valid discrete values associated with an integer number of
total pulses N . The curves connecting the points are given
by the continuous extension of Freadout to help guide the eye.
E. End-to-end repeater fidelity
To estimate the fidelity of the final entangled state over
the entire distance L, we multiply the fidelities of all the
individual steps for a repeater protocol as following
Fend-to-end = (Finit)
2m×(Fentangle)m×(Fswap)m−1 , (13)
where m is the number of elementary links of length L0.
Note that Eq.13 is an estimation of the end-to-end fidelity
that is only accurate at high fidelity regime. However, it
still gives us a good approximation of the relative fidelity
of the different cases. Here Fswap includes two spin read-
out measurements; therefore, Fswap = Fgate × (Freadout)2
where Fgate is the fidelity of performing the swapping
gate for each scheme (i.e., Eqs. (4) and (12)). The fidelity
of the entanglement generation needs to be established
over m elementary links of length L0. It has been shown
that, even without the use of error correction protocols,
the coherence time of 1 s is more than enough to dis-
tribute entanglement over the distance of L = 1000 km
[43]. Hence, we neglect the effect of the finite coherence
time of the quantum memory due to the long hyperfine
coherence time of the 167Er ion [25].
Fig. 8 shows the end-to-end fidelity estimation of the
repeater protocol for different swapping schemes stud-
ied here as a function of the number of elementary
links m for Fp = 4.5 × 105 and Fp = 5 × 103. As
shown, the end-to-end fidelity of virtual photon exchange
scheme increases significantly by monitoring the cav-
ity emission to post-select successful gates. We have
also shown the end-to-end fidelity of the scheme of Ref
[9]. In this case the Eq. (13) changes to Fend-to-end =
(Finit)
3m+1×(Fentangle)m×(Fswap)m−1×(Fmap)m/2 where
Fswap = Fmap = (Fgate × Freadout)2 as each of these
steps require performing two CNOT gates and two mea-
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FIG. 8. Estimation of the end-to-end fidelity of the re-
peater scheme with respect to the number of elementary links.
Shown are the virtual photon exchange scheme post-selected
on no cavity emission for Fp = 4.5 × 105 (A), and Fp =
5 × 103 (E), the virtual photon exchange scheme (without
post-selection) for Fp = 4.5× 105 (C), and Fp = 5× 103 (F),
the electric dipole-dipole interaction scheme for Fp = 5× 103
(B), and also the scheme of Ref [9] for Fp = 5×103 (D). Here
we assumed pηd = 0.9, N = 7, Tp = 2/γ
′, ξ = 10−5, ∆w = 0
and Tinit = 8/γ
′. For europium (Eu) ions in ref [9], we also
assumed γEu = 2pi × 80 Hz, γ?Eu = 2pi × 19 Hz and χEu = 0
[38, 45].
surements (note that for the entanglement mapping, one
needs to perform the gate and measurement at each end
of the link) [9]. To further increase the fidelity of the re-
peater schemes, purification protocols could be used [44].
IV. ENTANGLEMENT GENERATION RATE
The average time to distribute entanglement over two
elementary links of length L0 is [6]
〈T 〉2L0 =
(
3
2
)
L0/c+ Tinit
penps
, (14)
where c = 2 × 108 ms , pen is the success probability of
entanglement generation over an elementary link (see
Sec.III A), and ps = pgate is the success probability of
the entanglement swapping. The entanglement genera-
tion time over the entire distance L = mL0, where m is
the number of links, is then given by [46]
〈T 〉L = f(m)L0/c+ Tinit
pen p
m−1
s
, (15)
where f(m) = 0.64 log2(m) + 0.83 is a good approxima-
tion of the average number of attempts to successfully
generate entanglement (this factor reduces to 3/2 for the
case of m = 2).
Here we assumed that the entanglement generation
process could be performed on neighboring links at the
same time. On the other hand, if entanglement gener-
ation should be established on neighboring links one by
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FIG. 9. Comparison of the entanglement generation rate as a
function of the distribution distance for single rare-earth ion-
based repeater protocols. Our protocol for the deterministic
entanglement swapping (pgate = 1) (A) is compared with the
the protocol of the Ref.[9] (B). Also shown is our protocol for
the probabilistic swapping gate (pgate = 0.93) (C), and finally
the direct transmission in a fiber with a 1 GHz single-photon
source (D). Here we assumed m = 8 and Tinit = 8/γ
′. For
lines A and B we set Fp = 5× 103 and for line C we assumed
Fp = 4.5× 105.
one (which is the case when spatial resolution of ions is
not possible), then Eq. (15) changes to
〈T 〉L = 2f(m/2)L0/c+ Tinit
pen p
m−1
s
, (16)
Note that here the swapping time (which includes the
times required to perform the gate and read out the ions)
is negligible compared to the time it takes to establish
two neighboring links. As an example, even for the ex-
treme case of L = 300 km and m = 8, the time needed to
establish two neigboring links is 3.82 ms, which is quite
large compare to the gate and readout times discussed
in Sec.III. This waiting time increases significantly by in-
creasing the length of the elementary links. For instance,
when L = 500 km and m = 8, the waiting time would be
19.83 ms.
In Fig.9, using Eq.(15) we have plotted the entangle-
ment generation rates of our proposed scheme as a func-
tion of distance for m = 8 and compared the result with
the rates achieved using the single Er-Eu scheme [9]. Line
(A) shows the rate of our protocol for deterministic gates
with pgate = 1 (i.e., virtual photon exchange without cav-
ity monitoring or the electric dipole interaction), while
(B) shows the rate for the protocol of Ref.[9]. Shown is
also the repeater rates for the virtual photon exchange
scheme post-selected on no cavity emission (C). Here we
put pgate = 0.93 which corresponds to the Fp = 4.5×105
and pηd = 0.9, as shown in Fig.5. Note that, in terms of
the efficiency, a high Purcell factor is not required for the
other schemes. We have also plotted the rate expected
using the direct transmission of photons with a 1 GHz
photon rate (D) [47].
In the scheme of Ref. [9], the process of measuring the
communication ion (168Er), after mapping its state to the
9memory ion (151Eu), introduced an additional source of
inefficiency to the system. In our proposed scheme, how-
ever, the single 167Er ions serve as both communication
and memory ions; thus, the scaling with distance is bet-
ter. By increasing the number of cycling transitions, the
success probability of the measurement set improves, and
the difference in rates between the two schemes becomes
less drastic. However, even in this case, the implementa-
tion of the current proposed scheme is more experimen-
tally feasible than the Er-Eu scheme because it does not
require fabricating and identifying a close-lying pair of
two species of ions.
V. IMPLEMENTATION
A. Entanglement generation
To perform entanglement generation between Eri and
Eri−1, for example, as illustrated in Fig1.a, we need to
selectively optically address one ion at a time. Therefore,
we either need to spatially address ions of the same cavity
or put Eri+1 and Eri−2 ions out of resonance with the
cavities they are placed in. One option to achieve the
latter is through applying an electric field gradient to
each cavity-ion system [48]. The Stark shift will then
change the optical transition frequency of the ion out of
resonance with the cavity.
Then, we need to prepare each ion in the ground state
|↑〉. Using frequency selection, pumping of 95 ± 3% of
the population into the mI =
7
2 hyperfine state has been
demonstrated for an ensemble of Er ions [25]. For an indi-
vidual Er in the presence of a high-Purcell-factor cavity,
a much higher percentage is expected.
The entanglement generation step also requires the ex-
citation of the |↑〉–|e〉 transition for the ion which is res-
onant with the cavity. In order to avoid exciting both
ground states to their respective excited states, the pulse
spectral width should be much less than the difference be-
tween the ground and excited hyperfine level splittings.
A cavity with a sufficiently small linewidth can also im-
prove the branching ratio by enhancing one of the two
transitions. For example, for the ground and excited
states splitting difference of δeg ' 2pi × 100 MHz [25],
a cavity with a linewidth of κ (FWHM) centered on one
transition can enhance that transition ∼ 1 + 4(δeg/κ)2
times more than the transition detuned by δeg.
For rare-earth ions doped YSO photonic crystals cavi-
ties, quality factor of 27, 000 has been demonstrated [49].
Theoretical predictions, however, expect the quality fac-
tor as high as 105, which could be improved even further
by, for example, post-fabrication annealing or using ma-
terials with higher refractive indexes [49, 50]. Besides,
quality factor exceeding 1.1× 107 has been measured in
silicon photonic crystal nanocavities [51].
For Er ions doped into YSO crystal, Bo¨ttger et al [52]
showed that the spectral diffusion decreases with increas-
ing external magnetic field and decreasing temperature,
and is undetectable at B = 3 T and T = 1.6 K even
for a non-negligible Er concentration i.e., 0.0015% (see
Fig.2.c of the Ref [52]). The spectral diffusion should be
even lower under our conditions, where we only deal with
individual Er ions at high fields and low temperatures.
Hence, in this paper, we assume that the spectral dif-
fusion is negligible compared to the Γ′ (i.e., Purcell en-
hanced ZPL that dictates the entanglement generation
fidelity), and ∆ (i.e, ion-cavity detuning for swapping
schemes). Note that, for the entanglement generation
scheme, the Purcell effect further reduces the impact of
spectral diffusion.
B. Entanglement swapping
In the following, we discuss pros and cons for each
entanglement swapping scheme in more detail.
Virtual photon exchange: Using this scheme, one can
perform a deterministic gate between ions without the
need of ions to be close-lying. During entanglement gen-
eration, the |↑〉–|e〉 transition of an ion should be in res-
onance with the cavity. However, to perform the en-
tanglement swapping using the virtual photon exchange
scheme, the ions need to be dispersively coupled to the
cavity. Therefore, one needs to detune the |↑〉–|e〉 tran-
sitions away from resonance with the cavity before per-
forming the entanglement swapping. An applied electric
field amplitude E, could DC Stark shift the optical tran-
sition frequency of the ion by ∆ = ( ~∆µ · ~E)α/~ where
α = (2 + )/3 is the Lorentz correction factor [53]. It is
also possible to detune the cavity rather than the ions
by, for example, a piezoelectric effect [54].
It may be possible to avoid this detuning process be-
tween the entanglement generation step and the swap-
ping step by making the cavity resonant with one transi-
tion (e.g., |↑〉–|e〉) for entanglement generation and then
choosing to use an off-resonant transition for the dissipa-
tive interaction required for entanglement swapping.
For the virtual exchange scheme, it is also necessary
to tune the optical transitions of the ions into resonance
with each other. In the case that we are able to address
ions individually in space, this can be done by using,
for example, the AC Stark effect. On the other hand, if
individual addressing is not possible, we can use a large
electric or magnetic field gradient to tune the transitions.
The precision required for this resonance is determined
by the gate time. Using equation (4) and the numeri-
cal values for fidelity and gate time given at the end of
section III B for C = 9× 104, we estimate that the tran-
sitions should be resonant to within 2pi× 0.8 kHz for the
deterministic scheme and within 2pi×1.6 kHz when using
perfect cavity monitoring. Although any amount of ion-
ion detuning can cause infidelity, transitions further sepa-
rated than this value will cause infidelity greater than the
infidelity caused only by the finite cavity cooperativity.
Note that detuning between transitions can actually be
many times larger than their linewidths. This is because
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the value of ion-ion detuning ∆w required to overtake the
cooperativity-limited infidelity of 2pi/
√
C is proportional
to γC1/4.
However, after tuning the ions, to excite only one of
the Er ions to the excited state, we still require the spa-
tial resolution. For Er ions, which have long spontaneous
emission time compared to the gate time, it might be pos-
sible to obviate this requirement by exciting one ion be-
fore bringing them in resonance. In this case, we should
bring ions into resonance much faster than the gate time
to keep the process adiabatic.
Efficient post-selection can enhance the fidelity of the
gate for a given cavity cooperativity (or equivalently, re-
duce the cavity cooperativity requirement for a given fi-
delity). This method is especially useful for RE ions,
which typically couple to the cavity in the weak coupling
regime. This is because the adiabatic condition needed
to achieve a virtual photon interaction can be more eas-
ily violated for cavities near or within the strong cou-
pling regime. Hence, in that regime, any gains in fidelity
made by reducing the emitter-cavity detuning when post-
selecting successful gates are offset by a decreased fidelity
due to non-adiabatic phase evolution.
Electric dipole-dipole interaction: To perform this
gate, it is necessary to use ion transitions that are far
detuned from the cavity. Otherwise, the excited state
may decay due to the off-resonant Purcell effect before
the gate is complete. This is apparent from Eq. (12)
where Fgate ∼ 1 − Tgateγ/2 implies that γ → γ + Fpγr
would very quickly degrade the fidelity for a large Purcell
factor Fp. If the cavity is resonant with |↑〉–|e〉 for en-
tanglement generation, then using the transition |↑〉–|e′〉
for the dipole-dipole interaction may place the transition
|↓〉–|e′〉 close to the cavity resonance. Hence the differ-
ence between the Zeeman splitting of the ground and
excited states δeg should be much larger than the cavity
linewidth κ. Since δeg ' 2pi× 100 MHz, this implies it is
necessary for the cavity quality factor to be larger than
about 107. For example, using Fp = 5000 and κ = 2pi×16
MHz corresponding to Q = 1.2×107, the gate fidelity re-
duces to 0.951 due to an off-resonant Purcell factor of
32.
Instead of requiring a far detuned transition, one could
also actively detune the ions away from resonance with
the cavity before performing the swapping gate using,
for instance, the same methods mentioned for the virtual
photon exchange scheme.
The electric dipole-dipole interaction performs a de-
terministic gate that is very sensitive to the distance be-
tween the ions and requires them to be very close to-
gether (see Fig.6). Hence, to perform the pulse sequence
explained in Fig. 3, it is still necessary to have either
spatial or spectral resolution of the ions.
The dipole moment difference for 168Er3+:Y2SiO5 is
approximately 0.84 × 10−31Cm [9]. If we assume the
same value for 167Er3+:Y2SiO5, then this gives an es-
timate for ∆ν of 30 and 0.03 MHz for rij = 1 and 10 nm,
respectively. These values are quite large compared to
the magnetic dipole-dipole interaction between the ions.
For 167Er with the magnetic moment of −0.1618 µN [26],
the magnetic dipole-dipole interaction is approximately
1.23 and 0.001 Hz for rij = 1 and 10 nm, respectively.
As a result, the magnetic dipole-dipole interaction will
not interfere with the electric dipole-dipole interaction.
Performing the CNOT gate using the electric dipole-
dipole interaction does not require a cavity itself; how-
ever, to generate entanglement and to enhance the cy-
cling transition (for the spin readout), the |↑〉–|e〉 transi-
tion of the ions should be resonant with a cavity.
Unlike the virtual photon exchange scheme, the dipole-
dipole scheme cannot take advantage of a high readout
efficiency to improve fidelity by monitoring the cavity
emission. This is because, in this scheme, the cavity
does not mediate the interaction and so it is already nec-
essary to minimize cavity emission by detuning it as far
as possible. However, if a system can be optimized for a
high collection efficiency of spontaneous emission directly
from the Er ions without causing a Purcell enhancement,
it may be possible to apply this same principle to the
dipole-dipole gate. This type of collection enhancement
could be implement using, for example, a combination
of microfabricated solid-immersion lenses [28], reflective
coatings on one side of the substrate, and an objective
with a large numerical aperture.
C. State readout
In all of the explained schemes, a spin readout of each
ion is required. To do so, we excite the |↑〉–|e〉 tran-
sition of the Er ion and attempt to detect an emit-
ted photon. The probability of emitting a photon into
the cavity mode (emission quantum efficiency) is p =
ηcγrFp/(γrFp+γ). Hence, for example, for Fp = 5000 we
expect p = 0.999ηc ' ηc. Even for p = 1, the state mea-
surement is limited by the efficiency of the single-photon
detectors. Using superconducting detectors, the detec-
tion efficiency of more than 90% has been demonstrated
[55–57]. As shown in Sec. III D, to improve the detection
probability, we can repeatedly excite the ion in a cycling
transition (through the |↑〉–|e〉 transition) such that many
photons will be emitted into the cavity and eventually at
least one will be detected [22, 42, 58]. Recently, it has
been shown that a single 168Er ion doped Y2SiO5 crys-
tal coupled to a silicon nanophotonic cavity can scatter
more than 1200 photons using a single cycling transi-
tion [22]. Thus the probability that the cycle terminates
during the small number of pulses needed to achieve a
high fidelity readout is negligible. This also implies that
a high-fidelity readout is possible even if the collection
and detection efficiency is low by increasing the number
of readout pulses. The consequence is that the readout
time increases and, if comparable to the time needed to
establish entanglement over an elementary link, may im-
pact the distribution rate.
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VI. CONCLUSION AND OUTLOOK
The 167Er RE ion provides all of the desired features
to implement the required elements of a quantum re-
peater. It has a nuclear spin coherence time within the
one-second range, providing a natural long-lived quan-
tum memory. It also has emission in the telecommu-
nication wavelength window for low-loss long-distance
transmission. Our proposed quantum repeater architec-
ture utilizes a cavity-ion coupling to increase the spon-
taneous emission rate of the ion, improving the collec-
tion efficiency and single-photon indistinguishability. We
discussed two different schemes to perform two qubit
gates to achieve entanglement swapping within a repeater
node. One can select the best scheme depending on the
cavity characteristics and whether or not the ions are in-
dividually addressable in space or spectrum, or not at
all. We have also shown how to improve the fidelity
of a cavity-based virtual photon exchange entanglement
swapping scheme by post-selecting successful gates on the
absence of detected cavity emission. This post-selection
approach could also be useful for other systems and gate
schemes where cavity dissipation is the primary limita-
tion for the fidelity.
We have shown that by using single 167Er ions, a higher
entanglement distribution rate is possible compared to a
hybrid single 168Er - 151Eu repeater scheme [9]. This
entanglement distribution rate can even be further im-
proved by multiplexing the protocol [9]. In terms of ex-
perimental feasibility, it is also easier to deal with a single
species of ions rather than a doubly doped crystal.
Under certain conditions, a modified version of the
Barrett-Kok scheme [59] can be used to perform a nearly
deterministic swapping gate between nearby ions of a
cavity. This scheme does not require any individual ad-
dressing of ions or having them be close-lying. Instead,
it needs ions to be in resonance with each other. In this
modified scheme, the ions are detuned from the cavity
and both are excited to the state |e〉 simultaneously. The
detection of one photon then projects one ion onto the
state |↑〉, but does not reveal which ion decayed. This
generates an entangled state |e ↑〉 + |↑ e〉 between the
ions. After the first photon detection, if both ion qubits
are immediately flipped, and we wait for a second photon
detection, the entangled state |ψ+〉 is generated between
the ions. Therefore, one can use this modified scheme
to perform a CNOT gate between ions in the same cav-
ity. Because the excited-state lifetime of Er is so long, it
should be possible to perform the feedback (spin flipping)
fast enough to perform a nearly deterministic gate.
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